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Abstract
We give a reciprocity formula for w-invariants for homology 3-spheres defined by Fukumoto
and Furuta, which enables us to compute these invariants recursively. Using this formula, we show
that the w-invariant for a Seifert homology 3-sphere (together with a specific spin V 4-manifold
bounded by it) equals its Neumann–Siebenmann invariant up to sign. This implies that the Neumann–
Siebenmann invariant for a Seifert homology 3-sphere is a homology cobordism invariant if it has
either at most six singular fibers or has a singular fiber of even multiplicity.  2001 Elsevier Science
B.V. All rights reserved.
AMS classification: 57N10; 57R15; 57R80
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In [5] the first two authors defined a w-invariant w(Σ,X,c) for an integral homology
3-sphere Σ bounding a compact V 4-manifold X equipped with a spinc structure c. It is
defined via the V -index of the Dirac operator over a closed V manifold constructed from
X by attaching a spin 4-manifold with boundary −Σ . The w-invariant is additive under
connected sums, and if c is a spin structure, it is an integral lift of the Rochlin invariant of
Σ . Furthermore the inequality of the indices of the Dirac operators over spin V 4-manifolds
(which is the V -manifold version of the theorem in [7]) shows that if
Σ bounds a spin V 4-manifold X with b1(X)= 0, b±(X) 1, (∗)
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then w(Σ,X,c) for such an X together with its spin structure c gives a homology
cobordism invariant for Σ . It is not clear exactly when a given Σ satisfies (∗), but we
provide two methods of constructing such examples: The first one comes from a framed
link description of Σ of particular type (Section 4), and the second one comes from
a compact V 4-manifold with S1 action bounded by Σ (Section 5). In this paper we
concentrate on the case when X has only isolated singularities that are cones over lens
spaces and c is a V spin structure on X, and give an explicit formula for w(Σ,X,c). For
this purpose we examine the contribution σ(q,p, ε) (see Section 2 for its definition) to
w coming from the cone over the lens space L(p,q), which is the sum of the correction
terms of the signature operator and the Dirac operator appeared in the V -index theorem,
and derive several formulae in Sections 3 and 6. In particular σ(q,p, ε) satisfies a simple
reciprocity law (Section 3, Proposition 7), which enables us to compute it recursively via
continued fraction expansions. Using these formulae we compute the w invariant for a
Seifert homology 3-sphere Σ bounding a specific spin V 4-manifold X constructed in
Section 4 for Σ with a singular fiber of even multiplicity and in Section 5 otherwise,
and show that w(Σ,X,c) equals minus the Neumann–Siebenmann invariant µ(Σ) for
Σ . The construction of X for Σ whose singular fibers have all odd multiplicities has some
ambiguities, but we see that the value of the associated w invariant depends only on Σ (see
Section 7, Proposition 13). We also show that if Σ has either at most six singular fibers
or has a singular fiber of even multiplicity then there exists a V manifold X satisfying
(∗) (Section 7, Theorem 2) and hence µ(Σ) for such a Seifert homology 3-sphere is a
homology cobordism invariant (Section 7, Corollary 2). In the second case Σ bounds a
spin 4-manifold obtained by a plumbing construction and Theorem 2 for such a Σ has been
proved independently by [3]. We note that Saveliev defined a ν invariant for a homology
3-sphere Σ by using instanton Floer homology [13,14] and showed that it coincides with
µ(Σ) if Σ is a Seifert homology 3-sphere. Our result implies that ν(Σ) is also a homology
cobordism invariant at least if Σ satisfies the same condition as above.
Notation. Throughout this paper a Seifert 3-manifold Σ over a closed 2-orbifold of genus
0 with n singular fibers is represented by (unnormalized) Seifert invariants of the form{
(1, b), (p1, q1), . . . , (pn, qn)
}
according to the convention in [11] (if b = 0 then (1, b) is omitted). The rational Euler
class of Σ is given by e = −b −∑ni=1 qi/pi . Note that the sign convention here is
opposite to those in [5] and [6]. We also note that Σ is a Z homology 3-sphere if and
only if e = ±1/∏ni=1 pi , and we write Σ = Σ(p1, . . . , pn) if Σ is oriented so that
e=−1/∏ni=1 pi .
1. Spin structures on 3-manifolds represented by framed links
Let L = ∐ni=1 Li be a framed link in S3 whose framings are given by pi/qi with
gcd(pi, qi)= 1 for each component Li . Then the spin structures on the 3-manifold χ(L)
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obtained by Dehn surgery along L with given framings are classified as follows. Fix the
orientation of L and let (µi, λi) be the oriented pair of a meridian and a preferred longitude
for Li . The spin structures on S3 \L is classified by
H 1
(
S3 \L,Z2
)= Hom (H1(S3 \L,Z),Z2)
such that the zero element corresponds to the restriction of that on S3. Note that
w ∈ Hom(H1(S3 \ L,Z),Z2) is determined by w(µi) since µi (i = 1, . . . , n) generate
H1(S3\L,Z), andw(µi)≡ 0 mod 2 if and only if the corresponding spin structure extends
to that on the tubular neighborhood of Li .
Proposition 1. There is a one-to-one correspondence between the spin structures on χ(L)
and the elements w ∈Hom(H1(S3 \L,Z),Z2) satisfying the following equations.
piw(µi)+ qi
∑
j 	=i
ijw(µj )≡ piqi (mod 2) (1 i  n),
where ij is the linking number of Li and Lj .
Proof. First note that the classification of the spin structures on χ(L) is equivalent to that
of the framings on χ(L) \ {1 point}. The spin structure on χ(L) corresponds to that on
S3 \ L (represented by some element w ∈ Hom(H1(S3 \ L,Z),Z2)) whose restriction to
the boundary torus Ti of the tubular neighborhood of each Li extends to that on the newly
attached solid torus in χ(L). The last condition is satisfied just when the spin structure w
restricted to a meridian mi of the attached solid torus (which is homologous to piµi +qiλi
on Ti ) extends to that on the meridian disk. But a simple closed curve mi on Ti is obtained
from pi copies of µi and qi copies of λi by piqi -times band sums. Hence the spin structure
(or equivalently the framing) over mi satisfies the above condition if and only if
piw(µi)+ qiw(λi)+ piqi ≡ 0 (mod 2). (∗)
Since λi is homologous to
∑
j 	=i ijµj in S3 \L, we obtain the desired result by the relation
w(λi)=
∑
j 	=i
ijw(µj ). ✷
Remark 1. There is an alternative description of the condition (∗). Consider the induced
framing on any curve µ on Ti . Then it is homotopic to the one obtained from stabilizing
the tangent 2-frame of Ti that is invariant under parallel translation along µ if and only
if w(µ) ≡ 1 (mod 2). Then we can see that the framing on the simple closed curve mi
homologous to piµi + qiλi on Ti extends to that on the new meridian disk if and only if
w(mi)− 1≡ pi(w(µi)− 1)+ qi(w(λi)− 1)≡ 1 (mod 2). This condition is equivalent to
(∗) since piqi ≡ pi + qi + 1 (mod 2) if gcd(pi, qi)= 1.
Next we describe the spin structures on the lens spaces (and V -spin structures on the
cones over them). We denote by L(p,q) with gcd(p, q)= 1, p > 0 the quotient space of
S3 by the following Zp action:
ζ(z1, z2)=
(
ζ z1, ζ
qz2
)
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for ζ = exp(2π i/p) (corresponding to the generator of Zp), where S3 is identified with
{(z1, z2) ∈C2 | |z1|2 + |z2|2 = 1}. Likewise the cone cL(p,q) over L(p,q) is the quotient
of D4 by the Zp action defined by the same equation on D4 = {(z1, z2) ∈ C2 | |z1|2 +
|z2|2  1}. Hereafter for any rational number r we put
ζ r = exp(2π ir/p).
Then the canonical V -bundle K over cL(p,q) is given by the quotient of the trivial
C-bundle over D4 by the Zp-action of the form
ζ(z1, z2,w)=
(
ζ z1, ζ
qz2, ζ
−q−1w
)
,
where the action on w corresponds to dz1 ∧ dz2 → (ζ ∗)−1(dz1 ∧ dz2). The V -spin
structure on cL(p,q) is determined by the choice of the double cover
√
K of K , which is
given by the lift of the above Zp-action on the trivial C-bundle over D4 (which is a double
covering of the original one) of the form
ζ(z1, z2, w˜)=
(
ζ z1, ζ
qz2, εζ
−(q+1)/2w˜
)
.
Here ε =±1, which is uniquely determined as ε = (−1)q+1 if p is odd but both choices
are possible if p is even. Any V -spin structure on cL(p,q) induces the spin structure
on L(p,q) = ∂cL(p,q), and vice versa [3]. We will compare the description of the spin
structure on L(p,q) of this type with that given by the surgery description of L(p,q).
Proposition 2. There is an orientation-preserving diffeomorphism between L(p,q) and
the manifold obtained by −p/q-surgery along a trivial knot O .
Proof. Put T = {(z1, z2) ∈ S3 | |z1| = |z2| = 1/
√
2}. Then T is a torus dividing S3 into
two solid tori S1 and S2, where Si is the tubular neighborhood of {(z1, z2) ∈ S3 | zi = 0}.
Moreover the Zp action above leaves T , S1, and S2 invariant, so that the quotient spaces T
and Si (i = 1,2) are the torus and two solid tori attached along T in L(p,q), respectively.
Let m, , and µ be the simple closed curves in T defined by {(exp(2π iθ)/√2,1/√2) | 0
θ < 1}, {(1/√2, exp(2π iθ)/√2) | 0  θ < 1}, and {(exp(2π iθ)/√2, exp(2π iqθ)/√2) |
0 θ < 1}, respectively. Then µ is a curve homologous to m+ q in T , which is invariant
under the Zp action so that the quotient µ is a longitude of S2. Likewise m and  are
covered by the simple closed curves m and  on T , respectively, where m is the meridian
of S1 and  is the meridian of S2. Since µ is a p-fold covering of µ, whereas the coverings
m → m and  →  are one-to-one, we have the relation pµ − q = m in H1(T ,Z).
Considering S2 as the complement of the unknot and S1 as the newly attached solid torus,
we obtain the desired identification. ✷
Proposition 3. Let µ be a meridian of the unknot O in S3. Then the spin structure on
L(p,q) defined by w ∈Hom(H1(S3 \O,Z),Z2) satisfying the condition in Proposition 1
with respect to −p/q surgery along O corresponds to the choice of √K defined by the Zp
action
ζ(z1, z2, w˜)=
(
ζ z1, ζ
qz2, (−1)(w(µ)−1)ζ−(q+1)/2w˜
)
.
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Proof. First suppose that p is odd. Then the action of ζ defining
√
K must be
ζ(z1, z2, w˜)=
(
ζ z1, ζ2, (−1)q−1ζ−(q+1)/2w˜
)
to get the Zp action. On the other hand the condition in Proposition 1 with respect to −p/q
surgery on O becomes pw(µ)≡−pq (mod 2), which means w(µ)≡ q (mod 2) since p
is odd and the claim follows.
Next suppose that p is even (and hence q is odd). Now we use the notation in the
proof of Proposition 2. Define the polar coordinates (θ1, θ2) of the torus T by (z1, z2) =
(exp(θ1i)/
√
2, exp(θ2 + qθ1)i/
√
2) so that the curve µ is define by θ2 = 0, 0  θ1  2π .
Then the Zp covering π :S3 → L(p,q) (which extends to the covering D4 → cL(p,q))
induces the polar coordinates (θ1, θ2) of the torus T so that its restriction to T gives the
covering T → T defined by π(θ1, θ2)= (pθ1, θ2). Moreover µ= π(µ) defined by θ2 = 0
is the meridian of the unknotO in S3 on which −p/q surgery is performed to get L(p,q).
The spin structures on L(p,q) correspond one-to-one to the homotopy classes of the stable
framings overL(p,q), which give the trivialization of the SO(4) bundle associated with the
sum of the tangent bundle and the 1-dimensional trivial bundle over L(p,q). Any framing
on L(p,q) is determined by its restriction over µ up to homotopy since µ generates
H1(L(p,q),Z), and moreover such a restriction is reduced to an SO(2) framing tangent
to T . Now we consider the SO(2) framing spanned by ∂/∂θ1 and ∂/∂θ2 over µ (invariant
under the parallel translation along µ), extend it to the stable framing over L(p,q), and fix
the corresponding spin structure on L(p,q). Such a spin structure exists under the parity
conditions on p and q , and corresponds to the element w ∈Hom(H1(S3 \O,Z),Z2) with
w(µ)= 1. Consider the lift of the trivial SO(4) bundle over L(p,q) to the Spin(4) bundle
associated with this spin structure. Then the structure groups of their restrictions to µ are
reduced to S1 (associated with the tangent bundle of T ) and its double cover S˜1 in Spin(4),
and moreover the induced double covering L′ = µ× S˜1 → L= µ× S1 has the following
property. If we take the cross section s of L defined by ∂/∂θ1 then its inverse image in
L′ consists of two connected components s±. Therefore by pulling back these objects to
the Zp covering π , we obtain the Zp equivariant double covering of the SO(4) bundle
over S3 (which extends to that over D4) so that its restriction to µ is reduced to the Zp
equivariant double coveringL′ = µ× S˜1 → L= µ×S1, and the pulled back cross sections
s = π∗(s), and s+ = π∗(s+), s− = π∗(s−) are mapped by the Zp actions to themselves.
Now the structure group of the frame bundle over D4 is reduced to U(2) and the above
S1 is contained in U(2). The covering S˜1 → S1 is the part of the following commutative
diagram
S˜1
ι
U˜ (2) S3 × S1 p S1
S1
ι
U(2) (S3 × S1)/Z2 det S1/Z2
Here all the vertical maps come from the double covering Spin(4) → SO(4), ι is the
inclusion, the image of S1 on the left hand side by ι is given by
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exp(θ i) 0
0 exp(qθ i)
)
| 0 θ  2π
}
,
S˜1 is contained in S1 × S1 on which the vertical map is given by
(ρ,σ )→
(
ρ−1σ 0
0 ρσ
)
,
and p is the projection to the second factor.
Since µ is given by {(exp(θ i)/√2, exp(qθ i)/√2) | 0 θ  2π}, the cross sections s, s±
are represented as follows:
s =
{
θ,
(
exp(θi) 0
0 exp(qθ i)
)
| 0 θ  2π
}
,
s± =
{(
θ,±( exp((q − 1)θ i/2), exp((q + 1)θ i/2))) | 0 θ  2π},
where µ is parametrized by θ . Since the Zp actions must map each of s, s+, and s− to
itself, the action of ζ on L is given by
ζ
(
θ,
(
exp(θ i) 0
0 exp(qθ i)
))
=
(
θ + 2π/p,
(
ζ exp(θ i) 0
0 ζ q exp(qθ i)
))
,
and its lift to L′ maps(
θ,
(
exp((q − 1)θ i/2), exp((q + 1)θ i/2)))
to (
θ + 2π/p, ( exp((q − 1)(θ + 2π/p)i/2), exp((q + 1)(θ + 2π/p)i/2))).
Hence by passing to the determinant bundle (which is the restriction to µ of the dual
K−1 of the canonical bundle), the last Zp action induces the action on the double covering
of K−1 over µ of the form
ζ(θ, w˜)= (θ + 2π/p, ζ (q+1)/2w˜).
It follows that the above Zp actions are the restrictions of those acting on the double
covering D4 × U˜(2) → D4 × U(2) that induce the V spin structure on cL(p,q)
corresponding to the double covering
√
K of K defined by the action
ζ(z1, z2, w˜)=
(
ζ z1, ζ
qz2, ζ
−(q+1)/2w˜
)
.
This proves the desired correspondence. ✷
Since our main object is a homology 3-sphere (ZHS3) bounding a compact spin V 4-
manifold, we discuss the structures of such V -manifolds.
Definition 1. Let X be a compact V 4-manifold with boundary ∂X = ∅ or a ZHS3Σ ,
whose singular set ΣX consists of cone points over lens spaces. Let X0 be the complement
of the regular neighborhoodN(ΣX) of ΣX in X. Then for any elements δ, δ′ in H2(X,Z)
the rational intersection number δ · δ′ is defined as follows. The element of H2(X,Z)
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is identified via excision with that of H2(X0, ∂X0,Z) ∼= H2(X,N(ΣX),Z) ∼= H2(X,Z)
(which is torsion-free if H1(X0,Z)= 0). Considering the exact sequence
0→H2(X0,Z) j∗→H2(X0, ∂X0,Z) ∂→H1(∂X0,Z),
we see that for any δ ∈H2(X0, ∂X0,Z) there exists k ∈ Zwith ∂(kδ)= 0 sinceH1(∂X0,Z)
is torsion, and hence kδ = j∗(γ ) for a unique γ ∈H2(X0,Z). Then we put
δ · δ′ = (γ · δ′)/k ∈Q,
where · on the right-hand side is the usual intersection number between H2(X0, ∂X0,Z)
and H2(X0,Z). If either δ or δ′ is a torsion, we put δ · δ′ = 0. It is easy to see that this is
well-defined (independent of k).
Proposition 4. Let X be a V -manifold as in Definition 1. Suppose that H1(X0,Z) = 0.
If we choose the basis γi of H2(X0,Z) and the dual basis δi of H2(X0, ∂X0,Z) (i =
1, . . . , k = rankH2(X,Z)) with γi · δj = δij , then the integral intersection matrix (γi · γj )
forH2(X0,Z) is the inverse of the rational intersection matrix (δi ·δj ) for H2(X0, ∂X0,Z).
Moreover X0 is spin if and only if (γi · γj ) is an even matrix. The spin structure on X0 is
unique if it exists, and extends uniquely to the V spin structure on X.
Proof. Let A be the rational intersection matrix whose (i, j) entry is δi · δj defined above.
Since H1(∂X0,Z) is torsion, there exist an integer N and an integral k × k matrix P
satisfying
N
 δ1...
δk
= Pj∗
γ1...
γk
 .
Then by the definition
N
 δ1...
δk
 · (δ1, . . . , δk)=NA
equals
P
γ1...
γk
 · (δ1, . . . , δk)= P.
On the other hand
N
 δ1...
δk
 · (γ1, . . . , γk)= Pj∗
γ1...
γk
 · (γ1, . . . , γk)= P · (j∗γi · γj ),
which must be N times the identity matrix. Hence
(j∗γi · γj )=NP−1 =A−1.
Since we assume that H1(X0,Z)= 0, X0 is spin if and only if A−1 is an even matrix. The
rest of the claim follows from [3]. ✷
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2. Computation of w-invariants
First let us recall the definition of the w-invariant for a ZHS3Σ [5].
Definition 2 [5]. Let χ(k+, k−) be a set of triples (Σ,X, c) such that
(1) Σ is a ZHS3,
(2) X is a compact spin V 4-manifold with ∂X = Σ , b1(X) = 0, with only isolated
singularities,
(3) c is a V spin structure on X,
(4) b+(X) k+ and b−(X) k−.
Definition 3 [5]. For a triple (Σ,X, c) satisfying the first three conditions in Definition 2,
the w-invariant is defined as
w(Σ,X,c)= indRD(X ∪ Y )/2+ signY/8
for any spin 4-manifold Y with ∂Y =−Σ . Here D is the Dirac operator associated with
the spin structure on X ∪ Y induced from c and the spin structure on Y , and indR denotes
the index over R. This definition is independent of the choice of Y .
Theorem 1 [5].
(1) For any (Σ,X, c) satisfying the first three conditions of Definition 2, w(Σ,X,c) is
an integral lift of the Rochlin invariantµ(Σ) of Σ . Moreover w(Σ,X,c) is additive
under (boundary) connected sums for the triples (Σ,X, c).
(2) For any (Σ,X, c) and (Σ ′,X′, c′) in χ(1,1) such that Σ and Σ ′ are homology
cobordant, we have w(Σ,X,c)=w(Σ ′,X′, c′).
(3) Ifw(Σ,X,c) 	= 0 for (Σ,X, c) ∈ χ(1,1), thenΣ is of infinite order in the homology
cobordism group Θ3H of ZHS3’s. If w(Σ,X,c) 	= 0 for (Σ,X, c) ∈ χ(2,2) then Σ
does not bound any acyclic 4-manifold.
Next we describe a w-invariant for (Σ,X, c) satisfying the first three conditions in
Definition 2 such that the singularities ΣX of X consist of the cones over the lens space
cL(pi, qi) (i = 1, . . . , n) (which is essentially same as in that in [2]). Fix a closed spin V
4-manifold Z = X ∪ Y where Y is a spin 4-manifold with ∂Y = −Σ. First indCD(Z) is
given by Kawasaki’s V index theorem [9] as follows:
indCD(Z) = (−1)dimZchσ(D)td(T X⊗C)[TVX]
+
n∑
i=1
(−1)dimΣi
pi
chΣi σ (D)T Σ(Z)[TVΣi].
Here Σi is a cone point xi whose neighborhood is cL(pi, qi) = D4/Zpi ⊂ C2/Zpi ,
where xi is identified with the image of 0. The first term on the right-hand side is
−p1(Z)/24, whereas for each i we have
chΣi σ (D)T Σ(Z)[TVΣi ] =
∑
g 	=1∈Zpi
chgj∗σ(D˜)
chgλ−1(Ni ⊗C) ,
Y. Fukumoto et al. / Topology and its Applications 116 (2001) 333–369 341
where j :Σi = {xi} → Z is the inclusion, D˜ is a Zpi invariant Dirac operator covering D
locally near xi , σ(D˜) is its symbol, Ni is a normal bundle of {0} ⊂D4 that covers {xi} ⊂
cL(pi, qi) and is isomorphic to C⊕C. Since the action of g = ζ k for ζ = exp(2π i/pi) on
Ni is given by ζ k(z1, z2)= (ζ kz1, ζ kqi z2), we have
chgλ−1(Ni ⊗C) = chg
(∑
(−1)i ∧i (Ni ⊕Ni)
)
= (1− ζ k)(1− ζ kqi )(1− ζ−k)(1− ζ−kqi ).
On the other hand, chgj∗σ(D˜) = (chgS+
C
− chgS−
C
)[Ni ] where S+C = (Ω0 ⊕Ω0,2)⊗√
K = (1 ⊕ K−1) ⊗ √K , and S−
C
= Ω0,1 ⊗ √K with the double covering √K of the
canonical bundle K determined by the spin structure over cL(pi, qi). Then the action of g
on
√
K is given by
g(w)= (εiζ−(1+qi)/2)kw,
where εi = ±1 is determined according to the spin structures induced on L(pi, qi) as in
Proposition 3. Likewise we have
chg
(
1+K−1 −Ω0,1)= 1+ ζ kζ kqi − (ζ k + ζ kqi)= (1− ζ k)(1− ζ kqi ).
From these results we deduce that
chg(S+
C
− S−
C
)[Ni]
chgλ−1(Ni ⊗C) =
(1− ζ k)(1− ζ kqi ) · εki ζ−(1+qi)k/2
(1− ζ k)(1− ζ kqi )(1− ζ−k)(1− ζ−kqi )
= εki
( −1
(ζ k/2 − ζ−k/2)
)( −1
(ζ kqi/2 − ζ−kqi/2)
)
= − ε
k
i
4 sin(πk/pi) sin(πkqi/pi)
.
On the other hand, by the V signature theorem [8], we have
signZ = [LZ] +
∑
i
1
pi
LΣi [Σi]
= p1(Z)
3
+
∑
i
1
pi
pi−1∑
k=1
(
− cot
(
πk
pi
)
cot
(
πkqi
pi
))
.
Since indR equals 2 indC, we deduce that
indRD(Z) = −p1(Z)12 −
∑
i
1
pi
pi−1∑
k=1
2εki
4 sin(πk/pi) sin(πkqi/pi)
= −1
4
(
signZ+
∑
i
1
pi
(
pi−1∑
k=1
(
cot
(
πk
pi
)
cot
(
πkqi
pi
)
+ 2εki csc
(
πk
pi
)
csc
(
πkqi
pi
))))
.
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Here for later use we introduce the following symbol.
Definition 4. For any integers p, q with gcd(p, q)= 1 and ε =±1, we put
σ(q,p, ε)= 1
p
|p|−1∑
k=1
(
cot
(
πk
p
)
cot
(
πkq
p
)
+ 2εk csc
(
πk
p
)
csc
(
πkq
p
))
.
Thus for any triple (Σ,X, c) so that ΣX consists of the cones over L(pi, qi)’s and c is
a spin structure on X, we deduce
Proposition 5.
w(Σ,X,c) =
(
− sign(X ∪ Y )+ signY −
∑
i
σ (qi,pi, εi)
)/
8
= −
(
signX+
∑
i
σ (qi,pi , εi)
)/
8.
Here εi =±1 equals (−1)qi−1 if pi is odd as in Proposition 3, but if pi is even it depends
on the spin structure on cL(pi, qi) induced by that on the total space X.
In the above computation we assumed that pi ’s are positive. But since L(p,q) =
L(|p|, (sgnp)q) and σ(q,p, ε)= σ((sgnp)q, |p|, ε) by the definition, the above formula
is also valid even if some of pi ’s are negative.
3. Reciprocity for the contributions from cL(p,q) to w-invariants
In this section we discuss several properties of σ(q,p, ε) appeared in Section 2. The
proof of the following claim is straightforward by the definition of σ(q,p, ε).
Proposition 6.
(1) σ(q + cp,p, ε)= σ(q,p, (−1)cε).
(2) σ(−q,p, ε)= σ(q,−p,ε)=−σ(q,p, ε).
On the contrary, the following reciprocity is useful for the computation of σ(q,p, ε).
Proposition 7. For any p, q with gcd(p, q)= 1 and p+ q ≡ 1 (mod 2) we have
σ(p,q,−1)+ σ(q,p,−1)=− sgn(pq).
In particular since σ(p,1,−1)= 0, we have
σ(1,p,−1)=− sgnp for any even p.
This proposition could be proved by several methods (for example, this is reproved in
[4] by the vanishing of the index of the Dirac operator over a weighted projective space
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carrying a V metric of positive scalar curvature), but here we show that it is deduced from
the following formula.
Proposition 8. For any p1, q1, p2, q2 with p1 odd, q1 even, and p1q2 + p2q1 = δ =±1,
we have
σ
(
p1, q1, (−1)(p2−1)
)+ σ (p2, q2, (−1)(p2−1))=− sgn(δq1q2).
This proposition itself follows from a more general formula, which will be discussed in
Section 6.
3.1. Proof of Proposition 7 via Proposition 8
For any q1, q2 with gcd(q1, q2) = 1, q1 even and q2 odd, we can choose p1 and p2
satisfying p1q2 +p2q1 = 1, p1 ≡ 1 (mod 2), and p2 ≡ 0 (mod 2). Considering the parity
of pi , qi ’s and the periodicities of cot and csc, we deduce from p1q2 + p2q1 = 1 that
cot(πk/q1) cot(πkp1/q1)= cot
(
π(kp1)q2/q1
)
cot
(
π(kp1)/q1
)
,
csc(πk/q1) csc(πkp1/q1)= csc
(
π(kp1)q2/q1
)
csc
(
π(kp1)/q1
)
.
When k varies from 1 to |q1| − 1, then kp1 varies in the same range (mod |q1|). On the
other hand, for any c we have (by taking account of the parity of pi , qi)
cot
(
π(k + cq1)/q1
)
cot
(
π(k + cq1)q2/q1
)= cot(πk/q1) cot(πkq2/q1),
csc
(
π(k + cq1)/q1
)
csc
(
π(k + cq1)q2/q1
)= csc(πk/q1) csc(πkq2/q1).
Hence we have
σ(p1, q1,−1)= σ(q2, q1,−1).
Next consider σ(p2, q2,−1). Just as before we have
|q2|−1∑
k=1
cot(πk/q2) cot(πkp2/q2)=
|q2|−1∑
k=1
cot(πkq1/q2) cot(πk/q2).
On the other hand since p1 is odd we have
(−1)k csc(πk/q2) csc(πkp2/q2)= csc
(
π(kp2)q1/q2
)
csc(πkp2/q2).
Now write kp2 = cq2 + k′ with 1 k′  |q2| − 1. Then k′ ≡ c (mod 2) since q2 is odd
and p2 is even. Therefore the right-hand side of the above equation equals (by using the
fact that q1 is even)
(−1)c csc(πk′q1/q2) csc(πk′/q2)= (−1)k′ csc(πk′q1/q2) csc(πk′/q2).
Taking the sum of such terms we have
σ(p2, q2,−1)= σ(q1, q2,−1).
Thus from Proposition 8 we deduce
σ(q2, q1,−1)+ σ(q1, q2,−1)=− sgnq1q2,
which proves Proposition 7. ✷
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Proposition 7 enables us to compute σ(p,q, ε) via continued fractions.
Proposition 9. For any p, q , with gcd(p, q)= 1, |p|> |q|, and p+ q ≡ 1 (mod 2), there
exists a unique continued fraction expansion of p/q of the form
p/q = [α1, α2, . . . , αn] = α1 − 1
α2 − 1
. . . − 1
αn
with αi even and |αi | 2. Then
σ(q,p,−1)=−
n∑
i=1
sgnαi.
Proof. It is easy to see that if |p|> |q| and p+ q ≡ 1 (mod 2), then there exists a unique
continued fraction expansion with the desired properties, which is derived from the integers
satisfying the following equations:
p = qα1 − q2,
qi−1 = qiαi − qi+1 (2 i  n− 1),
qn−1 = qnαn,
qn = 1,
with |p|> |q|> |q2|> · · ·> |qn−1|> qn = 1 (we put q1 = q). Since p + q ≡ 1 (mod 2)
and all αi ’s are even we have qi + qi+1 ≡ 1 (mod 2) for any i . Then it follows from
Propositions 6 and 7 that
σ(q,p,−1) = − sgn(pq)− σ(p,q,−1)=− sgn(pq)− σ(qα1 − q2, q,−1)
= − sgn(pq)− σ(−q2, q,−1) (since α1 is even)
= − sgn(pq)+ σ(q2, q1,−1).
Likewise we have
σ(qi, qi−1,−1)=− sgn(qi−1qi)+ σ(qi+1, qi,−1),
and
σ(qn, qn−1,−1)= σ(1, qn−1,−1)=− sgn(qn−1qn),
since qn−1 is even and qn = 1. These equations show that
σ(q,p,−1)=−( sgn(pq)+ sgn(q1q2)+ · · · + sgn(qn−1qn)).
On the other hand from the equations
pq = q2α1 − qq2, qi−1qi + qi+1qi = q2i αi (2 i  n− 1),
qn−1qn = αn,
Y. Fukumoto et al. / Topology and its Applications 116 (2001) 333–369 345
and the inequalities
|pq|> |qq2|> · · ·> |qn−2qn−1|> |qn−1qn|,
we deduce that sgn(pq) = sgnα1, sgn(qiqi+1) = sgnαi+1 (1  i  n − 1). This proves
Proposition 9. ✷
Remark 2. Any σ(q,p, ε) except for the case where p ≡ 1 (mod 2) and ε = (−1)q
can be computed by Propositions 6, 7, and 9, and is an integer. This provides the way
of computing w invariants since the exceptional cases above never appear in the formula
of w invariants.
Remark 3. Fukuhara pointed out to us the relation between σ(q,p, ε) and the function
S(h, k) appeared in the transformation formula of the classical theta function [1] as follows.
Here for coprime integers h, k of opposite parity, S(h, k) is defined by
S(h, k)=
|k|∑
j=1
(−1)(j+1+[hj/k]).
If we put s(h, k) = S(h, k) − 1, then s(−h, k) = s(h,−k) = −s(h, k), s(h ± 2k, k) =
s(h, k), and if h is even, s(h,1) = 0. Furthermore the Berndt’s reciprocity law [1] shows
that s(h, k)+ s(k,h) = 1 if h, k > 0. Since these relations determine the value of s(h, k)
as in Propositions 6, 7, 9, it follows that s(h, k)=−σ(h, k,−1) for any coprime integers
h, k of opposite parity.
4. Surgery constructions of the elements of χ(1,1)
First consider a framed link L= L0∪K such that L0 is an n-component unlink⋃ni=1 Li
with framing pi/qi for Li , and K is an arbitrary 2-component link K1 ∪ K2 such that
the framing of Ki is ri/si (i = 1,2). We allow the possibility that L0 = ∅ or K2 = ∅.
Fix the orientation of each component of L. Let ik be the linking number of Lk and Ki
(k = 1, . . . , n, i = 1,2) and  be the linking number of K1 and K2 (if such components
are non-empty). Then we can construct a compact V 4-manifold associated with L as
follows. First consider χ(L0), which is diffeomorphic to L(p1,−q1)= · · ·=L(pn,−qn).
By taking the boundary connected sums along the disjoint union of L(pi, qi) × I ’s we
construct a compact manifold Y with ∂Y = χ(L0)∐(∐−L(pi,−qi)). Next let χ0(L0)
be the complement of the tubular neighborhoods of K1 ∪K2 in χ(L0). Denote by X0 the
union of the form
Y ∪ χ0(L0)× [0,1] ∪ χ(L)× [1,2],
where χ0(L0)×{0} and the corresponding submanifold in χ(L0)⊂ ∂Y are glued together,
and χ0(L0) × {1} is identified with the corresponding submanifold of χ(L) × {1} ⊂
χ(L)× [1,2]. Then X0 is an oriented compact 4-manifold with
∂X0 =
n∐
i=1
−L(pi,−qi)
∐(
L(s1,−r1)
∐
L(s2,−r2)
∐
χ(L)
)
.
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Fig. 1.
Fig. 2.
By attaching the cones over all the boundary components of X0 diffeomorphic to the lens
spaces, we obtain a compact V 4-manifold X of the form
X =X0 ∪
(
n⋃
i=1
cL(pi,−qi)
)
∪
( 2⋃
j=1
cL(sj , rj )
)
with ∂X = χ(L) (see Fig. 1). Note that the cone over L(sj , rj ) in X is also described as a
“singular 2-handle” of the form
cL(sj , rj )∼=
(
D2 ×D2)/Zsj ,
where ζ = exp(2π i/sj ) acts on (z,w) ∈D2 ×D2 ⊂ C×C by ζ(z,w)= (ζ z, ζ rjw), and
the tubular neighborhood of Kj in χ(L0) is attached to (∂D2 ×D2)/Zsj via an orientation
reversing diffeomorphism (Fig. 2).
Hereafter we assume that Σ = χ(L) is a ZHS3, and consider the conditions on X for
giving the element of χ(1,1). Fix the oriented pairs of meridian and preferred longitudes
(µi, λi) for Li and (µ′j , λ′j ) for Kj in S3. The presentation matrix of H1(Σ,Z) is given by
A=

r1 s1 s111 s112 · · · s11n
s2 r2 s121 s222 · · · s22n
q111 q121 p1 0 · · · 0
q212 q222 0 p2 · · · 0
...
...
...
...
. . .
...
qn1n qn2n 0 0 · · · pn

. (4.1)
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Fig. 3.
ThereforeΣ is a ZHS3 if and only ifA is unimodular. We put ε = detA=±1. Under this
assumption we have H1(X0,Z) = 0. Moreover H2(X,Z)= Z2, whose generators are the
unions of the cones over the longitude λ′j in cL(sj , tj ), the surfaces in S3 \L bounded by
λ′j and some copies of the meridians µi (obtained from Seifert surfaces for Kj by deleting
the meridian disks for L0), the cones over the copies of µi in cL(pi,−qi) (Figs. 2, 3).
Then the rational intersection matrix B with respect to these generators is computed
according to Definition 1 as follows:
B =
(
r1/s1 −∑k(qk/pk)21k −∑k(qk/pk)1k2k
−∑k(qk/pk)1k2k r2/s2 −∑k(qk/pk)22k
)
. (4.2)
It is not difficult to see that detB = ε/(s1s2∏k pk). Hence by Proposition 4 the
intersection matrix for H2(X0,Z) is given by
B−1 = εs1s2
∏
k
pk
(
r2/s2 −∑k(qk/pk)22k −+∑k(qk/pk)1k2k
−+∑k(qk/pk)1k2k r1/s1 −∑k(qk/pk)21k
)
. (4.3)
Therefore X0 is spin if and only if B−1 is an even matrix, and under this condition the
spin structure on X0 is unique and it extends uniquely to that on X (which we denote by c).
Furthermore b+(X)= b−(X)= 1 if and only if detB−1 = εs1s2∏k pk < 0. Consequently
under all these conditions (Σ,X, c) belongs to χ(1,1). To compute the w-invariant for this
triple, we need to check the spin structures on L(pk,−qk) and L(sj , rj ) induced by c. The
spin structure c induces that on S3 \L, which we denote by w ∈Hom(H1(S3 \L,Z),Z2)
according to the correspondence in Proposition 3. Moreover this structure extends to both
the spin structures on χ(L0) and on χ(L), which means that
pkw(µk)+ qkw(λk)≡ pkqk (mod 2) (k = 1, . . . , n),
w(µ′j )≡ 0 (mod 2) (j = 1,2),
rjw(µ
′
j )+ sjw(λ′j )≡ rj sj (mod 2).
Since
λk = 1kµ′1 + 2kµ′2 (k = 1, . . . , n),
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λ′1 =
n∑
k=1
1kµk + µ′2, λ′2 =
n∑
k=1
2kµk + µ′1
in H1(S3 \L,Z) (note that L0 is an unlink), these relations amount to
A

0
0
w(µ1)
...
w(µn)
≡

r1s1
r2s2
p1q1
...
pnqn
 (mod 2),
which is equivalent to
0
0
w(µ1)
...
w(µn)
≡A−1

r1s1
r2s2
p1q1
...
pnqn
 (mod 2), (4.4)
since A is unimodular. Under this condition we can check that the relations from the first
two rows in the above relation are equivalent to the existence of the spin structure c on
X. This structure induces that on L(pk,−qk) determined by w(µk) via the identification
with the pk/qk surgery along the unknot, whose meridian corresponds to µk , whereas the
induced structure on L(sj , rj ) is determined by w(λ′j ) since L(sj , rj ) is identified with
−sj /rj surgery along the unknot, whose meridian corresponds to λ′j . Hence we deduce
Proposition 10. For (Σ,X, c) constructed as above so that detA = ε =±1 and B−1 is
even with detB−1 = εs1s2∏k pk < 0 for A, B in (4.1), (4.2),
w(Σ,X,c)=−
(
n∑
k=1
σ
(− qk,pk, (−1)(w(µk)−1))+ 2∑
j=1
σ
(
rj , sj , (−1)(w(λ′j )−1)
))/
8,
where w(µk) is determined by (4.4) and
w(λ′j )=
n∑
k=1
jkw(µk).
Remark 4. If L0 = ∅ the V manifold X and its properties are obtained by replacing the
union of Y and cL(pk, qk) simply by the 4-ball, and by putting (pk, qk)= (1,0) for all k.
In this case w(λ′j )= 0. For the case when K2 = ∅, the presentation matrix A is obtained
by removing the second row and column from that given above, and
B =
(
r1/s1 −
∑
k
(qk/pk)
2
1k
)
, detB = ε
/(
s1
∏
k
pk
)
, (4.5)
with ε = detA = ±1. In this case signX = sgn(εs1∏k pk), which must be even for the
existence of the spin structure. Under these conditions we have
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w(Σ,X,c) = −1
8
(
sgn
(
εs1
∏
k
pk
)
+ σ (r1, s1, (−1)(w(λ′j )−1))
+
∑
k
σ
(− qk,pk, (−1)w(µk)−1))). (4.6)
Remark 5. The above formula shows that the w-invariant for the element in χ(1,1)
obtained by surgery construction above depends only on the linking matrix for L. One
of the consequences of this fact is the following:
Corollary 1. If Σ is obtained by 1/s surgery along any knot K in S3 for s even, then
w(Σ,X,c) for a V 4-manifold X constructed above with the unique spin structure c is
zero.
Proof. Note that s must be even to obtain the spin V manifold X via the above
construction. By the above formula w(Σ,X,c) is the same as w for the manifold obtained
by 1/s surgery along the unknot, which is S3. Hence it must be zero by Theorem 1 [5].
This result corresponds to the second claim in Proposition 7. ✷
5. V 4-manifolds with S1-actions
We describe another construction of some element in χ(1,1) coming from a compact
V 4-manifold X with S1-action. The topology of X is determined by the projection
π :X→X∗ to its orbit space X∗ =X/S1 together with the orbit data. Here we concentrate
on the following special case (see Fig. 4). Suppose that
Fig. 4.
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Fig. 5.
(1) X∗ is a 3-ball B3,
(2) the imageΣX∗ inX∗ of the orbits with nontrivial stabilizers consists of 2n segments
Ii , I
′
i (i = 1, . . . , n) such that Ii and I ′i are joined together at an interior point xi of
B3 to form a single segment properly embedded in B3,
(3) xi is the image by π of the isolated fixed point of the S1 action,
(4) any point x in Ii (respectively I ′i ) except for xi is the image of an exceptional orbit
with stabilizer Zpi (respectively Zp′i ) of type (pi,−qi) (respectively (p′i ,−q ′i)).(Here gcd(pi(′), qi(′))= 1.)
The last condition implies that if we take a meridian disk D for Ii (respectively I ′i ) in
B3 centered at x (where we assume that the orientation of D followed by that of I (′)i is
compatible with that of X∗), then the regular neighborhood π−1(D) of the orbit π−1(x) is
the quotient space of the Zpi (respectively Zp′i ) action on D
2 × S1 defined by
ζ(z1, z2)=
(
ζ z1, ζ
−qi(′)z2
)
for ζ = exp(2π i/pi) (respectively exp(2π i/p′i )), (z1, z2) ∈C2 with |z1| 1, |z2| = 1. We
denote by h the principal S1 orbit of X. Then Σ = π−1(∂B3) is the Seifert manifold over
the 2-orbifold of genus 0 with 2n singular points, whose general fiber is homologous to h
and whose Seifert invariants are given by{
(p1, q1), . . . , (pn, qn), (p
′
1, q
′
1), . . . , (p
′
n, q
′
n)
}
.
Hereafter we assume that Σ is a ZHS3. This implies that
e=−
n∑
i=1
(qi/pi + q ′i/p′i )=−ε/
n∏
i=1
(pip
′
i ) with ε =±1.
In particular pi ’s and p′i ’s must be pairwise coprime.
Next choose mutually disjoint 3-ball neighborhoods Bi of xi in IntB3. Then Li =
π−1(∂Bi) is a lens space represented by a framed link Li in Fig. 5. Let gi , g′i be the
meridians for the components of framing pi/qi , p′i/q ′i in Li , respectively. Note that the
above h is homologous to the meridian for the component of framing 0 in Li . Denote by
Ti the boundary torus of the tubular neighborhood of the component of framing pi/qi .
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Then gi and h form a generator of H1(Ti,Z). Fix ui , vi ∈ Z with pivi − qiui = 1 and
define the other generators mi , i of H1(Ti ,Z) (represented by the curves on Ti ) by(
mi
i
)
=
(
pi qi
ui vi
)(
gi
h
)
.
Then Li is the union of two solid tori attached along Ti so that (mi, i) is a pair of a
meridian and a longitude for one of the solid tori and Qii − Pimi is null-homologous in
the other solid torus where
Qi = piq ′i +p′iqi, Pi = p′ivi + q ′iui .
Therefore since Qi 	= 0, Li is diffeomorphic to L(Qi,Pi) represented by −Qi/Pi
surgery along the trivial knot, whose meridian corresponds to the curve i . Hence if we
put X0 = π−1(B3 \⋃(IntBi)) then
X =X0 ∪
(
n⋃
i=1
cL(Qi,Pi)
)
.
To determine the topology of X and X0, choose segments Ji connecting xi and xi+1 in
IntB3, whose interiors are mutually disjoint for i = 1, . . . , n− 1. Put J 0i = Ji \
⋃
j IntBj .
Then π−1(Ji) is a 2-sphere Si , which consists of the annulus π−1(J 0i ) connecting the
S1 orbits of Li and Li+1 (which we denote by the same symbol h above), and the
cones over them. Since X0 is homotopy equivalent to the union of Li ’s and the annuli
π−1(J 0i ), the Mayer–Vietorus argument shows that H1(X0,Z) is obtained from the
direct sum of ZQi generated by i by adding the relation p11 = p22 = · · · = pnn.
Under the above conditions we have gcd(pi,Qi) = 1 and gcd(Q1, . . . ,Qn) = 1, which
implies H1(X0,Z) = 0. Next we can see by similar arguments as in Section 4 that Si
(i = 1, . . . , n− 1) form a free basis for H2(X,Z), and the (i, j) entry bij of the associated
rational intersection matrix B is given by
bij =
pkp
′
k/Qk + pk+1p′k+1/Qk+1 i = j = k,
pk+1p′k+1/Qk+1 (i, j)= (k, k + 1) or (k + 1, k),
0 otherwise.
It turns out that detB = (∏i pi∏i p′i∑i (qi/pi + q ′i/p′i ))/∏i Qi = ε/∏i Qi , b±(X)
is given by the number of positive (respectively negative) eigenvalues of B (or B−1), and
X is spin if and only if B−1 is an even matrix (in this case the spin structure c on X is
unique since H1(X0,Z)= 0). The spin structure on Li induced from that on X is described
by some element wi of Hom(H1(S3 \ Li ,Z),Z2). Here wi is determined by the values
wi(gi), wi(g
′
i ), and wi(h). Moreover all wi(h)’s must be the same to get the compatible
spin structure on Σ . Hence we can write w(gi(′))=wi(gi(′)) and w(h)=wi(h) without
any danger of confusion. Then we must have
piw(gi)+ qiw(h)≡ piqi (mod 2),
p′iw(g′i )+ q ′iw(h)≡ p′iq ′i (mod 2),
w(gi)≡w(g′i ) (mod 2),
(5.1)
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which implies that
p1 q1
. . . O
...
pn qn
p′1 q ′1
. . .
...O p′n q ′n
1 · · · · · · · · · · · · 1 0


w(g1)
...
w(gn)
w(g′1)
...
w(g′n)
w(h)

≡

p1q1
...
pnqn
p′1q ′1
. . .
p′nq ′n
0

(mod 2).
The (2n + 1) × (2n + 1)matrix on the left-hand side is the presentation matrix
for H1(Σ,Z) and hence unimodular. Thus the values w(gi(′)) and w(h) are uniquely
determined by the above equations (of course the extra conditions w(gi)≡w(g′i ) (mod 2)
must be satisfied for the existence of the spin structure on X0). The contribution of cLi to
the w invariant is determined by the value of w on the meridian i of the unknot on which
−Qi/Pi surgery is performed to get Li = L(Qi,Pi). But the simple closed curve i on the
torus Ti is obtained from ui copies of gi and vi copies of h by uivi times band sums, and
hence by the same reason as in the proof of Proposition 1 we have
w(i)≡ uiw(gi)+ viw(h)+ uivi (mod 2). (5.2)
Consequently w(Σ,X,c) is given by
w(Σ,X,c)=−
(
signX+
∑
i
σ
(
Pi,Qi, (−1)w(i)−1
))/
8. (5.3)
In particular if n = 3 we can arrange (Σ,X, c) for Σ so that it belongs to χ(1,1) as
follows. We fix the orientation of Σ by choosing the Seifert invariants for Σ so that
ε = 1 in the above equation. Then in the above construction the diagonal entries of the
2× 2 matrix B−1 is given by Q1(Q3p2p′2 +Q2p3p′3) and Q3(Q2p1p′1 +Q1p2p′2). By
considering the unnormalized Seifert invariants for Σ , it is not difficult to choose qi and
q ′i so that the above two integers are both even (for example, if all pi and p′i are odd we
can assume that q ′3 is odd and all the rest of qi and q ′i are even to obtain the desired result).
Hence under this condition there exists a unique spin structure c on X. On the other hand
detB−1 = Q1Q2Q3. If Σ is represented by the (unnormalized) Seifert invariants of the
form {
(p1, q1), (p2, q2), . . . , (p
′
2, q
′
2), (p
′
3, q
′
3)
}
,
then for any integer N the same Σ is also represented by{
(p1, q1 +Np1), (p2, q2 +Nq2), . . . , (p′2, q ′2 +Np′2), (p′3, q ′3 − 5Np′3)
}
.
Therefore we can arrange qi and q ′i without changing the parity so that Q1 > 0, Q2 > 0
and Q3 < 0 (and hence detB−1 < 0). In this case b±(X) = 1, and hence we obtain
the element (Σ,X, c) ∈ χ(1,1). In the above formula for w(Σ,X,c) the term sign(X)
vanishes and all the other terms are determined as before. For any Seifert ZHS3 with 5 or
less singular fibers we obtain an element in χ(1,1) via the similar construction by putting
(pi, qi)= (1,0) or (p′i , q ′i )= (1,0) for some i .
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6. Another formula for σ(q,p, ε)
In this section we prove the relations between σ(q,p, ε)’s, which will be used in the
next section.
Proposition 11. Let p1, q1, p2, q2 be integers satisfying gcd(p1, q1) = gcd(p2, q2) = 1.
Fix u1 and v1 satisfying p1v1 −q1u1 = 1 and put P = p2v1+q2u1 and Q= p1q2+p2q1.
Suppose that q1, q2 and Q are all nonzero. Then
(1) σ(p1, q1,1)+ σ(p2, q2,1)= σ(P,Q, (−1)u1)− sgn(q1q2Q) if (p1, q1,p2, q2) ≡
(1,1,1,1) (mod 2).
(2) σ(p1, q1,−1)+ σ(p2, q2,−1)= σ(P,Q, (−1)v1−1)− sgn(q1q2Q) if (p1, q1,p2,
q2)≡ (0,1,0,1) (mod 2).
(3) σ(p1, q1,−1)+ σ(p2, q2,−1) = σ(P,Q, (−1)1+P ) − sgn(q1q2Q) if (p1, q1,p2,
q2)≡ (0,1,1,0) or (1,0,0,1) (mod 2).
(4) σ(p1, q1,1)+σ(p2, q2,1)= σ(P,Q, (−1)P+1)−sgn(q1q2Q) if (p1, q1,p2, q2)≡
(1,1,1,0) or (1,0,1,1) (mod 2).
(5) σ(p1, q1, (−1)c)+ σ(p2, q2, (−1)c)= σ(P,Q, (−1)c+u1)− sgn(q1q2Q) for arbi-
trary c if (p1, q1,p2, q2)≡ (1,0,1,0) (mod 2).
Remark 6. We note that Proposition 8 is deduced from the above formula, since if
Q= p1q2 +p2q1 =±1, then σ(P,Q,ε)= 0.
The above proposition is derived from the following more general formula.
Proposition 12. Let pi , qi be integers satisfying gcd(pi, qi)= 1 (i = 1,2,3). Fix ui , vi so
that pivi − qiui = 1 for each i , and put
Q1 = det
(
p3 q3
p1 q1
)
, Q2 = det
(
p1 q1
p2 q2
)
, Q3 = det
(
p2 q2
p3 q3
)
,
and
P1 = det
(
p3 q3
u1 v1
)
, P2 = det
(
p1 q1
u2 v2
)
, P3 = det
(
p2 q2
u3 v3
)
.
Suppose that Qi ’s are all nonzero and there exists a pair of integers (γ, δ) satisfyingp1 q1p2 q2
p3 q3
(γ
δ
)
≡
p1q1p2q2
p3q3
 (mod 2). (∗)
Then for any solution (γ, δ) (mod 2) of (∗) we have
3∑
i=1
σ(Pi,Qi, εi)= sgn(Q1Q2Q3),
where
εi = (−1)(uiγ+viδ+uivi−1).
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Furthermore, if we put
P ′1 = det
(
p1 q1
u3 v3
)
, P ′2 = det
(
p2 q2
u1 v1
)
, P ′3 = det
(
p3 q3
u2 v2
)
,
then
σ(Pi,Qi, εi)= σ(P ′i ,Qi, ε′i ) (i = 1,2,3),
where ε′1 = ε3, ε′2 = ε1, and ε′3 = ε2.
Proof. We consider a closed V 4-manifold with S1 action X so that the orbit space X∗
and the natural map π :X→X∗ have the following properties:
(1) The underlying space of X∗ is S3.
(2) The union of the images of the S1-orbits with nontrivial stabilizers in X∗ is a closed
circle which consists of three segments Ii (i = 1,2,3).
(3) X contains exactly three fixed points whose images xi (i = 1,2,3) in X∗ are the
boundary points of Ii ’s satisfying x1 = I1 ∩ I3, x2 = I1 ∩ I2, and x3 = I2 ∩ I3 (see
Fig. 6).
(4) For any point x ∈ Ii except for xi ’s, the stabilizer of π−1(x) in X is Zpi and the
orbit type of π−1(x) is determined by (pi,−qi) in the following sense. Choose a
meridian disk D for Ii centered at x , and orient D so that (the orientation of D) ×
(the orientation of Ii in Fig. 6) is compatible with that of X∗. Then π−1(D) is the
quotient space of D2 × S1 by the Zpi action of the form
ζ(z,w)= (ζ z, ζ−qiw)
for ζ ∈C with ζ pi = 1, z ∈C with |z| 1, and w ∈C with |w| = 1.
(5) If we denote by Y ∗ the complement of the regular neighborhood N∗ of I1 ∪ I2 ∪ I3
in X∗, then π−1(Y ∗) is diffeomorphic to D2 × S1 × S1.
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Let us denote by N∗i the regular neighborhood of xi in X∗, X∗0 be the complement of
the union of N∗i ’s in X∗, and put Ni = π−1(N∗i ) and X0 = π−1(X∗0). Then Li = ∂Ni is
diffeomorphic to a lens space whose Seifert invariants are given by
Li =
{
(pi, qi), (pj (i),−qj (i))
}
(i = 1,2,3),
where j (1) = 3, j (2), and j (3) = 2, which are represented by the framed links in
Fig. 7. Arguing as in Section 5, Li is diffeomorphic to a −Qi/Pi surgery along a trivial
knot whose meridian µi is homologous to uigi + vihi in the boundary of the tubular
neighborhood of the unknot, where gi , hi are the curves in Fig. 7 and ui , vi , Qi , Pi
are integers in the statement of Proposition 12. It follows that Li = L(Qi,Pi) such that
H1(Li,Z) is generated by µi , Ni is the cone cL(Qi,Pi) over L(Qi,Pi), and
X =X0 ∪
3⋃
i=1
cL(Qi,Pi).
Note that Li is also represented by −Qi/P ′i surgery along the trivial knot with meridian
µ′i where P ′i ’s are defined above and
µ′1 =−u3(−g1)+ v3h1, µ′2 =−u1(−g2)+ v1h2, µ′3 =−u2(−g3)+ v2h3.
Such a V -manifold X is constructed as follows. Start with the product B0 × S1 of the 3-
sphere with three holes B0 and S1. Choose three arcs in B0, each of which connects two of
the boundary components of B0 (corresponding to Ii ∩X0 above), and perform appropriate
surgery along the products of the tubular neighborhoods of these arcs and S1 in B0 × S1
to obtain a 4-manifold diffeomorphic to X0 above. Finally attach cLi to X0 to obtain the
desired V 4-manifold. Next we consider the structure of X. First the assumption on pi and
qi shows that gcd(Q1,Q2) = gcd(Q2,Q3) = gcd(Q3,Q1) (which we denote by r > 0).
Then we can see that H1(X0,Z) = Zr and H1(X,Z) = 0. Next put Si = π−1(Ii). Then
Si ’s are 2-spheres which generate H2(N,Z) = Z3 (where N = π−1(N∗) is the regular
neighborhood of S1∪S2∪S3). Moreover the Mayer–Vietoris argument gives the following
exact sequence.
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0 → H2
(
∂D2 × S1 × S1,Z)
ι→ H2(N,Z)⊕H2
(
D2 × S1 × S1,Z)→H2(X,Z)→ 0.
Here the curves gi (respectively hi ) are mutually homologous in H1(X0,Z), and if we put
g = gi (respectively h= hi ), then g (respectively h) corresponds to ∗×S1×∗ (respectively
∗ × ∗ × S1) in ∂D2 × S1 × S1. This implies that µ′1 = µ3, µ′2 = µ1, and µ′3 = µ2 in
H1(X0,Z). Then with respect to the appropriate orientations on Si we can see that ι is
given by
ι
(∗ × S1 × S1)= (0,∗× S1 × S1),
ι
(
∂D2 × S1 ×∗)=(− 3∑
i=1
qiSi ,0
)
,
ι
(
∂D2 × ∗× S1)=( 3∑
i=1
piSi,0
)
,
and hence
H2(X,Z)=
S1, S2, S3 ∣∣∣
(
p1 p2 p3
q1 q2 q3
)S1S2
S3
= 0
 .
Since Qi 	= 0 it follows that b1(X) = 0, b2(X) = 1, and any of Si is a generator of
H2(X,Q). Although H1(X0,Z) is not necessarily zero, the computation similar to that in
Section 5 shows that
S1 · S1 = P1/Q1 + P ′2/Q2 = (P1Q2 +Q1P ′2)/Q1Q2,
where P1 = p3v1 − q3u1 and P ′2 = p2v1 − q2u1. Since P1Q2 +Q1P ′2 =−Q3, we have
signX = sgn(S1 · S1)=− sgn(Q1Q2Q3).
Now we consider the spin condition on X. First any spin structure on L1 corresponds to
the choice of the homomorphism w from H1(S3 \L1,Z) to Z2 satisfying
p1w(g1)+ q1w(h1)≡ p1q1, p3
(−w(g1))− q3w(h1)≡−p3q3 (mod 2),
where L1, g1, h1 are given in Fig. 7. With respect to the representation of L1 by the
−Q1/P1 surgery along the trivial knot O with meridian µ1, this corresponds to the
homomorphism w′ ∈Hom(H1(S3 \O,Z),Z2) defined by
w′(µ1)≡ u1w(g1)+ v1w(h1)+ u1v1 (mod 2)
by the same reason as in Proposition 1. The spin structures on L2 and L3 are represented
by similar homomorphisms. Then since g = gi , h= hi (i = 1,2,3) in H1(X0,Z) as above,
we can see that such spin structures on Li ’s extend to that on X0 if and only if there exist
the values w(g), w(h) (mod 2) satisfying
piw(g)+ qiw(h)≡ piqi (mod 2) (i = 1,2,3). (∗∗)
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Conversely any w satisfying these conditions corresponds to the spin structure on X0,
which also extends to the V -spin structure on X as in Section 1. Consequently if (∗∗)
has a solution, we have a corresponding closed spin V 4-manifold X with b1(X) = 0,
b±(X)  1, and signX =− sgn(Q1Q2Q3). Now the theorem in [5] shows that the index
of the Dirac operator on X associated with the given spin structure vanishes. Therefore it
follows from the computation in Section 2 that
signX+
3∑
i=1
σ
(
Pi,Qi, (−1)(w′(µi)−1)
)= 0,
where w′(µi) ≡ uiw(g) + viw(h) + uivi (mod 2). This proves the desired result. Note
that Li is also represented by −Qi/P ′i surgery along the trivial knot with meridian µ′i
such that µ′1 = µ3, µ′2 = µ1, µ′3 = µ2 in H1(X0,Z). Therefore σ(Pi,Qi, (−1)(w
′(µi)−1))
equals σ(P ′i ,Qi, (−1)(w
′(µ′i )−1)) and the second claim follows. ✷
We obtain Proposition 11 by replacing (p1, q1), (p2, q2), (p3, q3) by (p1, q1),
(p2,−q2), (1,0) and using the last relations in Proposition 12.
7. w-invariants and Neumann–Siebenmann invariants for Seifert homology
3-spheres
Now we consider a ZHS3Σ that is a boundary of a 4-manifold P(Γ ) obtained by the
plumbing construction from a weighted tree graph Γ . First we denote by vi the vertices of
Γ and also the corresponding generators of H2(P (Γ ),Z), which are the zero sections of
the D2 bundles over S2. Then the intersection form on H2(P (Γ ),Z) is given by
vi · vi = the weight of the vertex vi,
vi · vj (i 	= j)=
{1 if vi and vj are connected by an edge,
0 otherwise.
Note that Σ = ∂P (Γ ) is a ZHS3 if and only if the intersection matrix given by vi · vj is
unimodular. Under this condition the spherical Wu class (the characteristic element) v of
P(Γ ) is uniquely defined to be the sum v =∑εivi with εi = 0 or 1 satisfying
v · vi ≡ vi · vi (mod 2).
Then the Neumann–Siebenmann invariant for Σ is defined by
Definition 5 [10,12].
µ(Σ)= ( signP(Γ )− v · v)/8,
which is an integral lift of the Rochlin invariant µ(Σ) of Σ . The value of µ(Σ) is
independent of the choice of the weighted graph Γ with Σ = P(Γ ) [10,12].
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Now in the case where Σ is a Seifert ZHS3, we give the relations between µ(Σ) and
w(Σ,X,c) for a particular choice of a spin V manifold X with ∂X =Σ as follows.
Theorem 2. Suppose that Σ =Σ(p1, . . . , pn) be the Seifert ZHS3 with n singular fibers
of multiplicity pi (i = 1, . . . , n).
(1) If one of pi is even, then there exists (Σ,X, c) ∈ χ(1,1) such that
w(Σ,X,c)=−µ(Σ).
(2) If all pi ’s are odd, then Σ bounds a spin V 4-manifold X with b+(X) = n − 2,
b−(X)= 1, b1(X)= 0 satisfying the same relation as in (1).
(3) If all pi ’s are odd and n  6, then there exists (Σ,Y, c′) ∈ χ(1,1) satisfying
w(Σ,Y, c′)=w(Σ,X,c) for the triple (Σ,X, c) in (2).
The claim (1) has been proved by an excision argument in [3], but here we will show
this by a direct computation. The V 4-manifold X in (1) is the V disk bundle associated
with the Seifert fibration of Σ , which will be described by a surgery construction as in
Section 4 in the proof below. The V 4-manifold X in (2) we adopt here is the one with S1
action whose orbit space has just n isolated fixed points described in Definition 6 below,
whereas Y in (3) is that with at most three isolated fixed points. The claims (1) and (3)
above together with Theorem 1 [5] lead us to the following corollary.
Corollary 2. If the Seifert ZHS3Σ has a singular fiber with even multiplicity or has at most
6 singular fibers, then µ(Σ) is a homology cobordism invariant. In particular if µ(Σ) 	= 0
then Σ is of infinite order in ΘH3 .
Definition 6. Consider a representation of Σ =Σ(p1, . . . , pn) with pi odd by the Seifert
invariants
S = {(p1, q1), . . . , (pn, qn)}
with
∑n
i=1 qi/pi = 1/
∏n
i=1 pi . Let XS be the V manifold with S1 action such that
(1) the orbit space X∗S is a 3-ball,
(2) the image of the exceptional set ΣX∗S consists of n segments Ij of type (pi,−qi),
and
(3) one of the end point of Ii is the image of the fixed point and the other end point lies
on ∂X∗S (see Fig. 8).
By putting (p′i , q ′i )= (1,0) in the argument in Section 5, we see that XS is represented
as
XS =X0 ∪
(⋃
cL(qi,pi)
)
,
where H1(X0,Z) = 0. Here L(qi,pi) contained in XS is identified with −qi/pi surgery
along the trivial knot with meridian h (which is the principal S1 orbit of X), and the
argument in Section 5 shows that the spin structure on XS corresponds to the value w(h)
satisfying
qiw(h)≡ piqi (mod 2) (i = 1, . . . , n).
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Since one of qi ’s must be odd, by putting w(h)= 1 we see that there exists a unique spin
structure c on XS . Then the formulae (5.2) and (5.3) show that
w(Σ,XS, c) = −
(
signXS +
n∑
i=1
σ
(
pi, qi, (−1)w(h)−1
))/
8
= −
(
signXS +
n∑
i=1
σ(pi, qi,1)
)/
8. (7.1)
The next proposition shows that the value of w(Σ,XS, c) does not depend on the choice
of S.
Proposition 13. Let S = {(p1, q1), . . . , (pn, qn)} and S′ = {(p1, q ′1), . . . , (pn, q ′n)} be the
Seifert invariants for the Seifert ZHS3Σ =Σ(p1, . . . , pn) with pi odd. Then for the unique
spin structures c and c′ on XS and XS ′ respectively, w(Σ,XS, c)=w(Σ,XS ′ , c′).
Proof. Since the constructions of XS and XS ′ do not depend on the orders of (pi, qi),
(pi, q
′
i ) and pi ’s are pairwise coprime, the proof is reduced to that for the case when
q ′1 = q1 +p1, q ′2 = q2 −p2, and q ′i = qi for i  3. Hereafter we assume this condition. By
(7.1) we see that
w(Σ,XS, c)=−
(
signXS +
n∑
i=1
σ(pi, qi,1)
)/
8,
w(Σ,XS ′ , c
′)=−
(
signXS ′ +
n∑
i=1
σ(pi, q
′
i ,1)
)/
8.
To apply Proposition 11, fix the integers u1, v1 with p1v1 − q1u1 = 1 and put Q =
p1q2 + p2q1, P = p2v1 + q2u1. If we put u′1 = u1, v′1 = v1 + u1, Q′ = p1q ′2 + p2q ′1, and
P ′ = p2v′1+q ′2u′1, then p1v′1−q ′1u′1 = 1, Q′ =Q, and P ′ = P . Now Proposition 11 shows
that
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σ(p1, q1,1)+ σ(p2, q2,1)= σ(P,Q,ε)− sgnq1q2Q,
σ(p1, q
′
1,1)+ σ(p2, q ′2,1)= σ(P,Q,ε)− sgnq ′1q ′2Q,
for some common ε = ±1, since both p1 and p2 are odd. On the other hand the rational
intersection matrix B = (bij ) for XS is given by
bij =
{
pk/qk + pk+1/qk+1 i = j = k,
pk+1/qk+1 (i, j)= (k, k+ 1), (k + 1, k),
0 otherwise.
By inductive argument we see that B is congruent to a diagonal matrix whose diagonal
entries are
γk =
(
k∑
i=1
qi/pi
)/(
(qk/pk)
(
k−1∑
i=1
qi/pi
))
(k = 2, . . . , n). (7.2)
Hence signXS =∑nk=2 sgnγk . Likewise signXS ′ =∑nk=2 sgnγ ′k , where
γ ′k =
(
k∑
i=1
q ′i/pi
)/(
(q ′k/pk)
(
k−1∑
i=1
q ′i/pi
))
.
Now since
2∑
i=1
qi/pi =
2∑
i=1
q ′i/pi =Q/(p1p2)
and also
k∑
i=1
qi/pi =
k∑
i=1
q ′i/pi for k > 2,
it follows that sgnγ2 = sgnq1q2Q, sgnγ ′2 = sgnq ′1q ′2Q, and sgnγk = sgnγ ′k for k > 2.
This proves that w(Σ,XS, c)=w(Σ,XS ′ , c′). ✷
The rest of this section is devoted to the proof of Theorem 2. We will assume that pi > 1
for any i and n 3.
7.1. Proof of (1)
We assume that p1 is even and pi for i  2 is odd. Then Σ =Σ(p1, . . . , pn) is of the
form {
(1, b), (p1, q1), . . . , (pn, qn)
}
,
which is represented by the framed link L in Fig. 9 for some integers b, qi with
gcd(pi, qi)= 1 (i = 1, . . . , n) satisfying
e=−b−
n∑
i=1
qi/pi =−1/
n∏
i=1
pi.
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It is not difficult to choose b, qi so that
pi > |qi | (i = 1, . . . , n),
b ≡ q2 ≡ · · · ≡ qn ≡ 0, q1 ≡ 1 (mod 2).
(7.3)
Now construct a V 4-manifold X from L by starting with the lens spaces corresponding
to pi/qi surgery along the componentLi of L of framing pi/qi and attaching a “singular”
handle along the component K of framing −b as in Section 4. Since −b surgery along K
only produces the cone over S3, the resulting V -manifold is of the form
X =X0 ∪
(
n⋃
i=1
cL(pi,−qi)
)
,
such that the nonsingular part X0 of X satisfies H1(X0,Z) = 0, b2(X) = b2(X0) = 1
and the intersection matrix of X0 is given by the inverse of (−b −∑i qi/pi), which is
−∏i pi ≡ 0 (mod 2) by the above assumption. Hence there exists a unique spin structure
c on X and signX = sgn(−(∏i pi))=−1. It is not difficult to show that X is the same as
the total space of the V disk bundle associated with the S1 fibration of Σ . Let µi and h
be the meridian of Li and K , respectively. Then the spin structure on cL(pi,−qi) induced
from c is determined as in Section 4 by the values w(µi) satisfying
piw(µi)+ qiw(h)≡ piqi (mod 2) (i = 1, . . . , n),
n∑
i=1
w(µi)≡ 0 (mod 2).
By the parity conditions we deduce that w(h) ≡ w(µi) ≡ qi ≡ 0 (mod 2) for i  2 and
hence w(µ1)≡ 0 (mod 2). Therefore according the the formula (4.6), we have
w(Σ,X,c) = −
(
−1+
n∑
i=1
σ(−qi,pi,−1)
)/
8
=
(
1+
n∑
i=1
σ(qi,pi ,−1)
)/
8. (7.4)
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Since pi + qi ≡ 1 (mod 2) and pi > |qi | for any i , there exists a continued fraction
satisfying
pi/qi =
[
αi1, . . . , α
i
mi
]
,
with αik even and |αik| 2. Then by Proposition 9
w(Σ,X,c)=
(
1−
n∑
i=1
mi∑
k=1
sgnαik
)/
8. (7.5)
Next we compute µ(Σ). By using the continued fractions above Σ is also represented
by the framed link with integer framings in Fig. 10, which corresponds to the plumbing
P(Γ ) with ∂P (Γ )=Σ . The intersection matrix of P(Γ ) is given by
−b 1 0 · · · 1 0 · · · 0
1 α11 1
0 1
. . . 1 O... 1 α1m1
1 α21 1
0 1
. . .
... O . . . 1
0 1 αnmn

,
which is congruent to a diagonal matrix whose diagonal entries are
−b−
n∑
i=1
(
1/[αi1, . . . , αimi ]
)
,
[
αik, α
i
k+1, . . . , α
i
mi
]
(k = 1, . . . ,mi, i = 1, . . . , n).
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The first term equals −b −∑i (qi/pi) = −1/∏i pi by the assumption. On the other
hand we can see inductively that
sgn
[
αik, . . . , α
i
mi
]= sgnαik,
since |αik| 2. Therefore
signP(Γ )=−1+
n∑
i=1
mi∑
k=1
αik,
which implies that
w(Σ,X,c)=− signP(Γ )/8.
This proves the claim since the spherical Wu class is zero in this case.
7.2. Proof of (2)
For Σ =Σ(p1, . . . , pn) with pi odd, let X be the V 4-manifold X with S1 action with
just n fixed points associated with the Seifert invariants{
(p1, q1), . . . , (pn, qn)
}
with
∑n
i=1(qi/pi)= 1/
∏n
i=1 pi constructed in Definition 6. Since Σ is also represented
as {
(p1, q1 +Np1), . . . , (pn−1, qn−1 +Npn−1), (pn, qn − (n− 1)Npn)
}
for any N ∈ Z, we can arrange qi’s so that
pi > 0, qi > 0 (i = 1, . . . , n− 1), pn > 0, qn < 0,
q1 ≡ · · · ≡ qn−1 ≡ 0 (mod 2), qn ≡ 1 (mod 2).
(7.6)
Now the argument in the proof of Proposition 13 shows that the rational intersection matrix
for X is congruent to a diagonal matrix with diagonal entries γk (k = 2, . . . , n) in (7.2).
Here γk > 0 for k < n, whereas
γn =
(
1/
n∏
i=1
pi
)/(
(qn/pn)
(
n−1∑
k=1
qk/pk
))
,
which is negative by the assumption on the signs of qk in (7.6). Hence we have
b+(X)= n− 2, b−(X)= 1. (7.7)
and (7.1) implies that
w(Σ,X,c)=−
(
n− 3+
∑
σ(pi, qi,1)
)/
8. (7.8)
Now by the reciprocity of σ (Proposition 7) we have
σ(pi, qi,1)= σ(pi + qi, qi,−1)=−σ(qi,pi + qi,−1)− 1 (i  n− 1),
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Fig. 12.
since pi + qi > qi > 0, pi + qi is odd and qi is even for i  n− 1, and
σ(pn, qn,1)= σ(pn − qn, qn,−1)=−σ(qn,pn − qn,−1)+ 1,
since pn− qn > 0> qn, pn− qn is even and qn is odd. Furthermore since pi + qi > qi > 0
and |pn − qn| = pn + |qn|> |qn|, there exist continued fractions satisfying
(pi + qi)/qi =
[
αi1, . . . , α
i
mi
]
(i  n− 1),
(pn − qn)/qn =
[
αn1 , . . . , α
n
mn
]
,
with |αik| 2 and αik ≡ 0 (mod 2). Consequently by Proposition 9 we have
w(Σ,X,c) = −
(
n− 3− (n− 1)+ 1−
n∑
i=1
σ(qi,pi + |qi |,−1)
)/
8
=
(
1−
n∑
i=1
mi∑
k=1
sgnαik
)/
8. (7.9)
Next compute µ(Σ). By framed link calculus Σ is also represented by the framed link
in Fig. 11, and also by the framed link with integer framings in Fig. 12 by using the above
continued fractions. The last one corresponds to the plumbing P(Γ ) associated with the
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Fig. 13.
graph Γ in Fig. 13. This plumbing is non-minimal but its spherical Wu class v is just the
2-sphere corresponding to the central vertex of Γ with v · v = n− 2.
The intersection matrix for P(Γ ) is congruent as in (1) to a diagonal matrix whose
diagonal entries consist of[
αik, . . . , α
i
mi
]
(k = 1, . . . ,mi, i = 1, . . .n),
1− (1/[αi1, . . . , αimi ])= pi/(pi + qi) (i  n− 1),
−1− (1/[αn1 , . . . , αnmn])=−pn/(pn − qn),
and
n− 2−
n−1∑
i=1
(
1− (1/[αi1, . . . , αimi ]))−1 − (−1− (1/[αn1 , . . . , αnmn]))−1
= n− 2−
n−1∑
i=1
(pi + qi)/pi + (pn − qn)/pn =−
n∑
i=1
qi/pi =−1/
n∏
i=1
pi.
Since pi/(pi+qi) > 0 for i  n−1,−pn/(pn−qn) < 0, and sgn[αik, . . . , αimi ] = sgnαik
as before,
signP(Γ )= n− 3+
n∑
i=1
mi∑
k=1
sgnαik.
Consequently we have
µ(Σ)= ( signP(Γ )− v · v)/8=(−1+ n∑
i=1
mi∑
k=1
sgnαik
)/
8,
which proves the desired result. If n = 3 (in which case Σ is a Brieskorn homology 3-
sphere), X also provides the desired V manifold in (3).
7.3. Proof of (3)
We assume that n= 6. In this case we compare the above X in (2) and the V 4-manifold
Y with S1 action such that
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(1) the orbit space Y ∗ is also a 3-ball,
(2) Y has three fixed points,
(3) ΣY consists of 6 segments Ij (j = 1, . . . ,6) of type (pj ,−qj ) such that I2i−1 and
I2i are joined at the image of the fixed point,
where qi ’s satisfy all the conditions in (2) (see Fig. 14). Let Qi , Pi be integers defined by
Qi = p2i−1q2i + q2i−1p2i , Pi = p2iv2i−1 + q2iu2i−1,
for some u2i−1, v2i−1 with p2i−1v2i−1 − q2i−1u2i−1 = 1. Here since p2i−1 is odd and
q2i−1 is even we can assume that u2i−1 is even for i = 1,2,3. Then Y is represented as
Y = Y0 ∪
( 3⋃
i=1
cL(Qi,Pi)
)
.
We can choose qi ’s (without changing the conditions in (7.6)) so that
Q1 > 0, Q2 > 0, Q3 < 0. (7.10)
Then as in Section 5 the intersection matrix of H2(Y0,Z) is even and its determinant
is negative. This implies that b±(Y ) = 1, Y has a unique spin structure c, and hence
(Σ,Y, c) ∈ χ(1,1). Now by (5.2) and (5.3) in Section 5 we can see that
w(Σ,Y, c)=−
( 3∑
i=1
σ(Pi,Qi, (−1)u2i−1)
)/
8=−
3∑
i=1
σ(Pi,Qi,1)/8. (7.11)
On the other hand by the formula in Proposition 11 we have
σ(p2i−1, q2i−1,1)+ σ(p2i , q2i,1)= σ(Pi,Qi,1)− sgnQiq2i−1q2i
(under the conditions that u2i−1’s are even). Here by the assumptions on the signs of qi
and Qi in (7.6) and (7.10), Qiq2i−1q2i > 0 for i = 1,2,3. Therefore
w(Σ,Y, c)=−
(
3+
6∑
i=1
σ(pi, qi,1)
)/
8, (7.12)
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which coincides with w(Σ,X,c) appeared in (7.8). The proofs for the cases where n < 6
are obtained by putting (pi, qi)= (1,0) for some i’s and hence omitted. ✷
We can slightly extend the claim in Theorem 2, (3) as follows. Let Σ =Σ(p1, . . . , pn,
p′1, . . . , p′n) be the ZHS
3 with Seifert invariants{
(p1, q1), . . . , (pn, qn), (p
′
1, q
′
1), . . . , (p
′
n, q
′
n)
}
with pi , p′i odd and
∑n
i=1(qi/pi + q ′i/p′i ) = 1/
∏n
i=1 pip′i . Let X and Y be the V -
manifolds with S1 action associated with the above invariants so that the orbit space of
X contains just 2n fixed points constructed in Definition 6, whereas the orbit space of
Y contains just n segments, each of which is the union of two segments corresponding
to the images of the exceptional orbits of type (pi,−qi) and (pi,−q ′i) constructed as in
Section 5. Hereafter we use the notation in Section 5. We can arrange qi , q ′i so that q ′n is odd
and all the other qi and q ′i are even. Fix ui , vi satisfying pivi − qiui = 1 with vi odd and
ui even for each i , and put Qi = piq ′i + p′iqi , Pi = p′ivi + q ′iui . Then by the computation
in Section 5 and in Definition 6 under these parity conditions, we see that both X and Y
have the unique spin structures c and c′ so that
w(Σ,X,c)=−
(
signX+
n∑
i=1
(
σ(pi, qi,1)+ σ(p′i , q ′i ,1)
))/
8,
w(Σ,Y, c′)=−
(
signY +
n∑
i=1
σ(Pi,Qi,1)
)/
8.
Furthermore under the same parity conditions Proposition 11 shows that
σ(pi, qi,1)+ σ(p′i , q ′i ,1)= σ(Pi,Qi,1)− sgnqiq ′iQi
for any i . Now the rational intersection matrix for Y given in Section 5 is congruent to a
diagonal matrix whose diagonal entries are given by
δk =Rk/(rkRk−1) 2 k  n,
where rk = qk/pk + q ′k/p′k and Rk =
∑k
i=1 ri . Thus signY =
∑n
k=2 sgnδk . On the other
hand (7.2) shows that signX =∑2ni=2 sgnγi , where
γ2k−1 = (Rk−1 + qk/pk)/(Rk−1 · qk/pk),
γ2k =Rk/
(
q ′k/p′k · (Rk−1 + qk/pk)
)
(R0 = 0).
Since ri = Qi/pip′i , we have sgn ri = sgnQi and sgn δk = sgnRk−1 sgnRk sgnQk .
Furthermore we have sgnγ2k = sgnq ′k sgnRk sgn(Rk−1+qk/pk) and sgnγ2k−1 = sgnqk ×
sgnRk−1 sgn(Rk−1 + qk/pk). Using these relations we can see that
sgnγ2 = sgnQ1q1q ′1,
sgnγ2k−1 + sgnγ2k = sgn δk + sgnQkqkq ′k (k  2).
By all the above relations we conclude that w(Σ,X,c) = w(Σ,Y, c′). In particular if
n= 2m+ 1, then it is not difficult to arrange qi , q ′i without changing the parity condition
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above so that b+(Y ) = b−(Y ) = m. (Choose qi , q ′i satisfying qi > 0, q ′j > 0 for all i
and 1  j  m+ 1, q ′j < 0 for m+ 2  j  2m+ 1, so that ri > 0 for 1  i  m + 1,
ri < 0 for m + 2  i  2m + 1, and Rj > 0 for all j . Note that Rn = 1/∏ni=1 pip′i is
necessarily positive.) Taking account of the possibilities that (p′i , q ′i ) = (1,0) for some i ,
we can see that for any Σ = Σ(p1, . . . , pn) with n  2(2m+ 1) and pi odd, we have a
triple (Σ,Y, c′) ∈ χ(m,m). Hence by Theorem 1 [5], (3) we have
Corollary 3. If µ(Σ) 	= 0 for Σ = Σ(p1, . . . , pn) for pi odd and n  10, then Σ does
not bound an acyclic 4-manifold.
Remark 7. Theorem 2 shows that the formulae for σ(q,p, ε) in Sections 3 and 6 can
be used for the computation of µ-invariants. For example, we can reprove the following
formulae as those for w-invariants by using Proposition 11.
(1) ([10]) µ(Σ(p1, . . . , pn−1,pn))=±µ(Σ(p1, . . . , pn−1,2∏n−1i=1 pi ± pn)).
(2) ([13]) µ(Σ(p1, . . . , pn))= µ(Σ(p1, . . . , pj ,p))+µ(Σ(p′,pj+1, . . . , pn)),
where p = pj+1 · · ·pn and p′ = p1 · · ·pj .
Theorem 2 also generalizes some of the results in [15,16]. For example, it is not difficult
to show that µ(Σ) 	= 0 for Σ =Σ(p1, . . . , pn−1, k∏n−1i=1 pi ± 1) for any k odd. Since one
of the multiplicities appeared in Σ is even, this implies by Corollary 2 that Σ is of infinite
order in ΘH3 , which generalizes the result in [15].
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